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MATHEMATICAL MODELING AND ANALYSIS OF THE TECHNOLOGICAL ERROR OF THE
MEANS OF MEASURING THE GEOMETRIC CHARACTERISTICS OF THE FIREARMS BORES

The parameters of the optical scheme of a laser triangulation sensor, whose deviation from their nominal
(calculated) values will affect the transformation function, are determined. It is shown that the presence of a
technological error during the processing of measurement information will be perceived as an apparent
change in the measured value with a constant input signal.

Mathematical models of the components of technological error are obtained, which are presented in the form
of error limits at the input of the measuring instrument. The expressions for determining the confidence limits of the
total technological error, taking into account the correlation between its components, are substantiated.

A quantitative assessment of the technological error for characteristic combinations of weapon parameters
is carried out. The results of the quantitative evaluation are presented in the form of graphs of the dependence
of the limits of relative and absolute technological error on the increase in the radius of the bore in the

measurement range.
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Statement of the problem. According to the
experience of using firearms, the technical
condition of the bore is a significant factor that
affects the effectiveness of the fire mission. The
technical condition of the bore, as well as any
diagnostic object, is determined based on the
analysis of the results of measuring its
characteristics. Acceptable reliability  of
conclusions about the technical condition of the
bore can be achieved if the measurement error of its
geometric characteristics is ensured at a level close
to that which corresponds to the production
capabilities of firearms manufacturing enterprises.

Traditional means of technical diagnostics of the
bore are characterized by insufficient information
and efficiency, and sometimes even accuracy,
which limits the possibility of implementing high-
quality control of the technical condition of firecarms
in the field [1, 2, 3].

Given the above limitations in the use of known
means of technical diagnostics of the bore, the
creation of a measuring instrument based on a laser
triangulation sensor opens up certain prospects. The
principle of measurement is to direct the probing
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beam to the surface under investigation and receive
the reflected radiation, the parameters of which
carry information about the deviation of the bore
surface point from its nominal position.

However, despite the sufficient degree of study
of the triangulation method of determining
distances, a set of tasks aimed at studying the
potentially achievable accuracy of measuring the
geometric characteristics of the bore remains
relevant. This will make it possible to determine the
possibilities or limits of using a measuring device
based on a laser triangulation sensor to obtain
diagnostic information.

In general, the total error of a measuring
instrument based on a laser triangulation sensor is
created by a number of components, the estimation
of each of which can be found by mathematical
modeling with subsequent quantification for
characteristic combinations of device parameters.
The method of combining such error components
will be determined by the nature and relationship of
their sources.

One of the main factors that leads to the
appearance of the corresponding error component is
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the technological factor, namely, the deviation of
the parameters of the optical circuit of the laser
triangulation sensor from their nominal values due
to the imperfection of the technology of
manufacturing, assembly, and adjustment of the
measuring instrument.

Therefore, when studying the limits of
applicability of a laser triangulation tool for
measuring the geometric characteristics of the bore,
the problem of quantifying the technological
component of the error arises. This problem can be
solved on the basis of the construction and further
analysis of the mathematical model of the
technological error of the laser triangulation sensor.

Analysis of recent research and publications.
Articles [4, 5] describe in detail the method of
measuring the geometric characteristics of the bore
using a laser triangulation sensor and propose the
design of a measuring instrument.

Approaches to modeling the error components of
the sensitive elements of precision measuring
instruments based on laser sensors are considered in
[6-10].

Sources [11-14] describe an approach to
mathematical modeling of the error component of a
measuring instrument based on establishing a
relationship between the apparent change in the
output value from a change in a parameter included
in the transformation function due to a certain
influencing value.

However, as the results of the analysis of the
content of the reviewed sources show, they did not
formulate or solve the problem of mathematical
modeling of the error of a laser triangulation sensor
caused by imperfect manufacturing, assembly, and
adjustment of the measuring instrument.

The purpose of the article is to develop a
mathematical model and quantify the technological
error of a laser triangulation sensor used to measure
the geometric characteristics of the firearms bore.

Summary of the main material. At the first
stage of the research, we determine the parameters
of the optical circuit of the laser triangulation
sensor, the deviation of which from their nominal
(calculated) values will affect the transformation
function. At the next stage, we will obtain
mathematical models of the components of the
technological error in the form of dependencies of
the change in the output value on the influencing
value, which will be perceived by the measuring
channel of the measuring instrument as the
appearance of apparent increases in the measured
value. At the final stage, it is advisable to quantify

the ranges of variation of the limits of technological
error of a laser triangulation sensor for characteristic
combinations of measurement conditions.

We analyze the variation of the main parameters
of the optical scheme of the laser triangulation
sensor (Figure 1), namely:

a — distance from the intersection of the main
optical axes of the focusing 1 and receiving 2 lenses
to the optical center of the receiving lens;

b — distance from the optical center of the
receiving lens to the surface of the photosensitive
detector 3;

o — angle between the main optical axes of the
focusing and receiving lenses;

B — angle between the main optical axis of the
receiving lens and the surface of the photosensitive
detector.

7
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Figure 1 — Optical scheme of the laser triangulation
sensor

Also in Figure 1 other symbols are used to
indicate:

p — input (measured) value of the laser
triangulation sensor (increase in the radius of the
bore);

g — output value of the laser triangulation sensor
(increase in the coordinate of the light spot on the
surface of the photosensitive detector);

4 — laser radiation source.
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In the case of deviations of the above parameters
of the optical circuit from their nominal values, the
latter acquire the corresponding increments, and the
following values:

d;=a+Aa;> b, =b + Ab,>»
~ ~ (D
ai=a+Aa;>p,=p+Ap,-
The manifestations of technological deviations
of each of the parameters of the optical scheme will
be considered through their influence on the
conversion function of the laser triangulation sensor

[4]:
_ q-a-sin B . (2)
b-sina —gq-sin(a + )

Thus, if the parameter a is changed according to
expression (1), the changed value will be included
in the transformation function of the laser
triangulation sensor g, . During the processing of

measurement information, this will be perceived as
a corresponding apparent change in the measured
value with an unchanged input signal:

__ 9Gsinf | 3)
i b-sing—q-sin@+ )

a

where P a, 1s the apparent value of the measured

value due to a change in the parameter a.
Similarly to this approach, taking into account
expression (1), we can write:

b, = q-a-sin g , 4)
bi g,--sina—q~sin(a+,b’)
b = q-a-sinf , 5)
%  b-sind,—q-sin(a@, + f)
-a-sinf
» g:a:sinf; ©)

A =b-sina—q-sin(a+,5l.)'

In addition to the above factors, additional
factors include the following:

— deviation AQ of the optical center of the
focusing lens from the calculated position;

— deviation AA of the position of the base face
of the photosensitive detector in the plane of its
location.

For the mathematical modeling of these factors,
we will also assume that the presence of deviations

AO, AA will be perceived by the measuring
channel of the measuring instrument as the
appearance of additional apparent increases
Aa!, Aa/l of the angle between the main optical

axes of the focusing and receiving lenses with the
input signal remaining unchanged. Based on this
approach, it can be assumed that each of the two
factors under consideration will lead to an apparent
change in the parameter o of the optical scheme of
the laser triangulation sensor:

dl=a+Aal,d!=a+Aal (7)

The apparent values of the measured quantities
p a/ and p, , caused by the increments A ¢ !
and A ¢ [, can be written in the following form by
analogy with expression (3):

b = q-a-sinf , (8)
% b-sina]—q-sin(a]+ f)
-a -sin
Py = q-a B &)

i b-sina—q-sin(al + f)

We will study the deviation AQ using the optical
scheme of the laser triangulation sensor with
additional constructions (Figure 2).

Figure 2 shows the following notations:

O — optical centre of the receiving lens;

O’ —position of the optical centre of the focusing
lens in case of its deviation;

Ao} — angle at the vertex 4 of the triangle

1
OAQO’, which is the increment of the angle o under
the influence of the factor under consideration;

a; —angle between the main optical axes of the
focusing and receiving lenses, taking into account
the deviation of the optical centre of the focusing
lens from the calculated position.

The length of the segment OO’ = AOcan be
expressed as the tangent of the angle Aq :

tgha; =£. (10)
a

We perform trigonometric transformations and
get the expression for determining the angle Aq} :

Aa} = arctg (ﬂj (11)

a
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Figure 2 — Optical scheme of the laser triangulation sensor in the
presence of deviation of the optical center of the focusing lens

Let us study the deviation AA , for which we
consider the optical scheme of the laser triangulation
sensor with additional constructions (Figure 3).

Figure 3 — Optical scheme of the laser triangulation
sensor in the presence of a deviation of the base face
of the photosensitive detector

Figure 3 shows the following notations:

A" —point of intersection of the main optical axis
of the receiving lens with the surface of the
photosensitive detector;

A'F — segment whose length is equal to the
deviation of the position of the photosensitive

detector A4 ;

Aa] —angle at vertex 4 of triangle 4 ’AF", which
is the increment of angle o due to the deviation of the
position of the photosensitive detector;

a! — angle between the main optical axes of the
focusing and receiving lenses, taking into account
the deviation of the position of the photosensitive
detector.

Let's lower a perpendicular from point / to the main
optical axis of the receiving lens, which will cross it at
point K, and consider triangles 4 FK and AFK. From
the triangle AFK we obtain the expression to determine

ighal = FK | AK , (12)
AK =a+b+AK. (13)

From the triangle 4 'r/x  we obtain the
expression to determine FK and AK:

FK = A'F -sin g . (14)
A'K =A'F -cos 8. (15)

Let us substitute expressions (13), (14), (15) into
(12) and, given that 4 F=A4 write:

AA -sin S (16)

tgAa; = .
g2 a+b+AA-cos

We perform the proper trigonometric
transformations and obtain the expression for
determining Aa " :

Aaj =arct

AA-sin B J (17)
a+b+AA-cosf

The apparent change in the measured value due
to technological deviations will be considered as the
appearance of the corresponding components of the
instrumental error of the laser triangulation sensor
at its input, which are systematic for one particular
sample of the measuring instrument, but vary within
certain limits for a set of different samples of the
measuring instrument. In this case, according to
[15], such systematic errors are considered to
change irregularly, remaining within the limits

Apai’Apbi’ Apa,sAp@, Alya;sA[?alf'. In the

future, when combined, these error components are
considered as random variables and are assumed to
be uniformly distributed within certain limits.
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Let us find the error limits Apa,- ,AUbl. , AUal. ,AU/;. , Apa,‘ »Apa,-” at the input of the laser triangulation

sensor. Taking into account expressions (3)—(6) and (7), they can be represented as follows:

AUa,- :pai -bp, @bl :pb, -p, Apa; :pa; - P, Apalf' = pa{ - Db (18)

Ap, =p, —P, Apg =Dpg —PD: (19)

1 1

Using expressions (18) and their corresponding (3), (4), and (1), we obtain expressions for determining the

error limits of Apal. ,AUbl. :

Aa; - g -sin
Ap al q ﬂ

ai:b-sina—q-sin(a+ﬁ)’ (20)

—Ab; -a-q-sina-sinf
Bp, =— . o . - @)
! (b-s1na—q-s1n(a+ﬂ)) + Ab; -s1na-(b-sma—q-s1n(a+ﬂ))

Using expressions (19) and their corresponding (18) and (1), we obtain expressions for determining the

error limits of Apa,- ,Ap B

b-(sina—sin(a+4a;))+q-(sin(a+Aa;+pB)—sin(a+f))

Apy =a-q-sinf- (b-sin(a+da)—q-sin(a+da;+B))-(b-sina—q-sin(@+f)) (22)
Apply the formula for the sine of the sum of angles:
sin (@ + Aa;)=sin a -cos Aa; + cos a -sin Aa;, (23)
sin (@ + f+Aa;)=sin(a + ) cos Aa; +cos (@ + f)-sin A . (24)
According to the first important limit, expressions (23) and (24) can be represented as
sin (@ + Aa;)=sin @ +cos a -Aa;, (25)
sin(a + f+Aa;)=sin(a + f)+cos(a + f)-Aa;- (20)

The final expression for Ap , is obtained by substituting expression (25) into (22):
1

a-q-sin B-Aa;-(q-cos(a+B)—b-cos a)

Apai = (27)

o (b-(sin a+cos a-Aa;)—q-(sin(a+B)+co (a+p)-Aay))-(b-sina—q-sin(a+p))

Similarly, we obtain the expression for Ap e
i

Ao — AB;-a-q-sina-(b-cosf —q) (28)
Ppi = (b-sina—q-sin(a+p))2—4B;-q-cos(a+pB)-(b-sina—q-sin(a+p))

Using expressions (18) and their corresponding (8), (9) and (7), as well as (23)—(26), we obtain expressions
for determining the error bounds of 4004 ,4004 :

. a-q-40-sin B . (q-cos(a+B)—b-cos a)
o (b-(a-sin a+40-cos a)—q-(a-sin(a+B)+40-cos(a+P))) (b-sina—q-sin(a+p))’

Ipg, 29)
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q-a-AA-sin?

(q-cos(a+pB)—b-cos @)

Ap P—
a; , AA-si
t <b~(sm a+cosa- sin p

a+b+A -cosP

)—q-(sin(a+ﬁ)+cos(a+/j’)~

(30)

AA-sin )) . (b-sin a—q-sin(a+p))-(a+b+A4A-cos B)’

a+b+AA-cos B

The error limits 6pg;, 6Pp;s 6Pa; 6pﬁi’ op,. 6pa~i in relative form will be determined according to the

expressions:

a; App, Apg!
@a'zApla@b‘: bl

1 1

_Apg, (D)

&g, =B (32)
- Ab; -sin
op;, = ! , 33
pbi sina(b+Abl~)—q~sin(a+ﬂ) 33)

Aca;-(q-cos(a+B)—b-cos a)

Spai - b-sin a—q-sin(a+p)—Aa;-(q-cos(a+B)—b-cos a)’ (34)
_ ABi-sina-(b-cos f— )
6pﬂi o sin B-((b-sina— -sin(a+p))—AB;i-q-cos(a+p))’ (35)
_ A0-(q-cos(a+B)—b-cos a)
Spai " b-(a-sin a+40-cos a)—q-(a-sin(a+B)+A0-cos(a+p))’ (36)
5p = AA-sin _(g-cos(a+B)—b-cos a) 37)

AA-sin B

Technological deviations of parameters and their
respective error components can be reasonably
considered as uncorrelated (or weakly correlated) in
the general case [15]. However, in real conditions,
when manufacturing, assembling, and adjusting a
laser triangulation sensor, it is most economically
feasible to use only one sample of a linear
dimension measuring tool and one sample of an
angular dimension measuring tool. This factor can
lead to correlations between the respective error
components. Therefore, to combine the components
of technological error, we will take into account the
correlation between Cpai ) Cpbi ) c%a[ ) @7/31. , and

@ai > ®ﬂ[ . The statistical confidence bounds of the

total systematic relative error 9z are found by the

expression:

a .oj
l (b'(sm a+cos a- il g)-a (sin(atp)+eos(atB) oy A o ))

(a+b+4A-cos B)
a+b+A -cospB

2 2
= \/(51),” +0py, + 5pa{ + 5paly> + (5pai + 5pﬁl.)
(38)

To determine the statistical confidence limits of the
total systematic absolute error, we use the expression

Apis = 6pis - P, (39

where p is the measurement range.

Thus, the set of expressions (20), (21), (27)—~30),
(32)—(37) for estimating the statistical confidence
limits of the total systematic error caused by
technological deviations of the parameters of a laser
triangulation sensor is a mathematical model of the
technological error of a laser triangulation sensor.
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We will quantify the components of the
technological error of a laser triangulation sensor
for the case of using common means of measuring
linear dimensions and angular values, which are
mass-produced by domestic and foreign manufacturers,
for example, the TESA MICRO-HITE 3D
coordinate measuring machine [16] and the GS-1L
goniometer [17].

The combination of parameters of the optical
scheme of the laser triangulation sensor will be
chosen to correspond to the characteristics of the
main types of weapons in service with the National

Ap;y, 0008
MM

0,007

0,006

0,005

0,004

0,003

0,002

0,001

Guard of Ukraine, which, according to the calibre
ranges, belong to small arms (7,62 mm — 19,99 mm),
artillery of small (20,00 mm — 75,99 mm), medium
(76,00 mm — 151,99 mm) and large (152,00 mm
and more) calibres [18].

The results of the calculations are presented in
the form of tables and graphs of the dependences of

the limits of relative 5pl.2(p) and absolute 492(19)

technological errors on the increase in the radius of
bore of the measurement range. Examples

of dependencies @i( 'D)are shown in Figures 4-7.

04 0,5 06 0,7 08
p. MM

Figure 4 — Dependence graph 492( P, for a laser triangulation sensor,

corresponding to the parameters of the small arms bore
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Figure 5 — Dependence graph 492( (D, for a laser triangulation sensor,

corresponding to the parameters of the small-calibre artillery bore
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Figure 6 — Dependence graph 492( (D, for a laser triangulation sensor,

corresponding to the parameters of the medium-calibre artillery bore
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Figure 7 — Dependence graph @i( (P, for a laser triangulation sensor,

corresponding to the parameters of the bore of large-calibre artillery

The analysis of the graphs shows that the
technological error increases with the approach to
the upper limit of the measurement range and is
minimal at its beginning. Such a property of the
error is quite acceptable from the point of view of
the measurement concept, according to which the
greatest value of information about the parameters
of the bore is seen in the initial part of the
measurement range (i.e., the one corresponding to
the least wear of the bore and the initial stage of its
degradation).

In addition, a decrease in the technological error
is observed with an increase in the barrel calibre. This

fact can be explained by the fact that in the case of
increasing the diameter of the bore, the space for the
location of the elements of the optical scheme of the
laser triangulation sensor increases and the distances
a (from the intersection of the main optical axes of
the focusing and receiving lenses to the optical centre
of the receiving lens) and b (from the optical centre
of the receiving lens to the surface of the
photosensitive detector) increase. Taking into
account the peculiarities of expressions (32)—37), in
which the parameters a and b are included as
arguments, an increase in the latter leads to a decrease
in the value of the technological error limit.
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Conclusions

Analysis of the results of quantitative evaluation
shows that the limit of absolute technological error
1s within + 0,0012 mm — 0,0050 mm. These values
allow us to preliminarily assume that the method
and measuring instrument discussed in this article
have a certain margin of safety with respect to the
requirements for the accuracy of measurements of
the bore parameters.

The final conclusion on the limits of
applicability of the laser triangulation tool for
measuring the geometric characteristics of the bores
can be made after research aimed at modelling and
quantifying the impact of temperature deviations
and other factors on the measurement results.

Further areas of research should include the
development of mathematical models of other
components of the total error of the measuring
instrument and the justification of the method of
their calculation combination.
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MATEMATHUYHE MOJIEJTIOBAHHSI TA AHAJII3 TEXHOJIOTTYHOI TIOXUEKA
3ACOBY BUMIPIOBAHHSA TEOMETPUYHUX XAPAKTEPUCTUK
KAHAJIIB CTBOJIIB BOTHEIIAJIBHOI 35POI

O6tpyHmosaro peanizayito KOHMpPOIIO 2eOMEMPUUHUX XAPAKMEPUCUK KAHATI8 CINBOJIIE 602HENANbHOL 30poi,
OMPUMAHO MAMEMAMUYHE MOOET CKIA008UX MEXHOI02IYHOT NOXUOKU, 4 MAKOJIC NPOBEOEHO KIMbKICHE OYIHIOBAHHS
0ianaszoHié 6apilo6aHHs 2paHUYb MEXHONO02IYHOI NOXUOKU OAA XAPAKMEPHUX CHONYHYeHb VMO8 BUKOHAHHA
BUMIDIOBAHb 2E0MEMPUUHUX XAPAKMEPUCIUK KAHATII8 CMBOI8 802HEeNAIbHOT 30pOi.

Ilpogedeno ananiz nyonikayii cmocoeHo I00MUX MEMOOI8 BUMIDHOBAHHS 2EOMEMPULHUX XAPAKINEPUCIUK
KAaHali@ cmeonie i3 3aCmoCy8aAHHAM JA3EPHO20 MPIAHSYIAYINUHO20 0amyUKd, NioxXo0ie 00 MAMEMAMUYHOZO
MOOen0B8aHHS CKAA00BUX NOXUOKU YYMIUBUX eeMeHMi6 NpeyusiiHux 3acobis 8UMIp08aHsb. Ycmarnosneno, uo
nonpu 3HAuYHy KilbKicmb nyOnikayii (mamepiany), y HUX He CMABUIUCS I He PO36 A3V8ANUCS 3A80AHHS
MAMEMAMUYUHO20 — MOOETI08AHHA — NOXUOKU — JIA3€pHO20  MPIAHSYIAYIIHO20 — 0amyuKd,  3YMOGIEHOT
HeOOCKOHANICMIO MeXHON02Ii Npoyecie 8U0MOBIeHHS, 30UPAHHs Ma I0OCTNUPYBAHHA 3AC00) BUMIDIOBAHHL.

Busnaueno napamempu onmuuHoi cxemu a3epHO20 MPIAHSYIAYIIHO20 0AMYUKA, GIOXUNEHHA AKUX 8i0
iIXHIX HOMIHATLHUX (PO3PAXYHKOBUX) 3HAYEHb YUHUMUME 6NIUE Ha QYHKYil0 nepemeopenns. Ilposeu
MEXHONOSITYHUX BIOXUIEHb KOJCHO20 3 NAPAMempie ONMu4Hoi cxemu OYI0 PO32IAHYMO yepes ix eniué Ha
@DYHKYTI0 nepemeopents Ia3epHo20 MPIaHeYIAYIIHO20 OAMYUKA OKPEMO Md HE3AAE)CHO OOHe 8I0 00HO2O0 i
PO3pOOIEHO MAMeMAmuyHi MoO0eni 015 BUSHAYEHHSI GNIUGY BIOXUNEHb NAPAMEmpie ONMUYHOI cxemu, AKi
CHpULIMAOMuCsl  GUMIPIOGANLHUM — KAHAIOM  3ACO0Y  GUMIDIOGAHHA 5K NOA6A  NO3IPHUX  NPUPOCTIE
BUMIPIOBANLHOT  BEUYUHU.  YCmaHnoBneHo 008ipui  epanuyi CcymapHoi MmexHoni02iunoi noxudbxu i3
BUPAXOBYBAHHIM KOPEAYIL MINC pe3yibmamamit 8UMIPIOBAHb DIZHUX NaApamempie OOHUM [ MUM CAMUM
3acobom sumiproganisi. Ilposedero KinbKicHe OYiHIBAHHS MEXHON0SIYHOI NOXUOKU O/l PI3HUX XAPAKMEPHUX
cnoyyeHb napamempie 30poi i3 GUHAYEHHAM 2PAHUYL OONYCMUMOI ADCOIIOMHOI MeXHOI02iYHOT NOXUOKU OIS
YOMUPLOX OIaNA30HI6 KAIOPIs.

Y pesynomami pospaxynxie ompumano OaHi, AKi NOOAHO y u2asidl 2paghikie 3anedcHocmell epaHuyb
abconomuol MmexHoN02IuHOI NOXUbKU 6i0 npupocmy padiyca KaHaury cmeond y Oianda3oHi 6UMIDHGAHD.
Ilposedeno amaniz ooepocanux Oauux, AKuUl 0A€ 3M02Y NONEPEeOHbO NPURYCHUMU, WO Memoo I 3acib
BUMIDIOBAHHSA, AKI PO327A0AIOMbCA Y CMAMMI, MAiOmb NEGHUll 3anac BIOHOCHO 6UMO2 00 MOYHOCHI
BUMIDIO8AHb NAPAMEMPIE KAHANLE CINEOJILE.

Omorce, 3anponoHOBaAHO MAMEMAmuiHy MoOenb CKIA008UX MEXHONIO2IYHOI NOXUOKU, a MAKOMC BUKOHAHO
KLIbKICHE OYIHI08AHHS OIANA30HI8 8APIIOBAHHS SPAHUYb MEXHON02IUHOI ROXUOKU O/ XAPAKMEPHUX CHOY4eHb YMO8
BUKOHAHHSL BUMIPIOBAHb 2COMEMPUYHUX XAPAKMEPUCTUK KAHATIB CIMBOIB 802HENATbHOI 30POi.
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